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\S 1. GROUP CHARACTERS AND GRADED LIE ALGEBRAS
Let $\Gamma$ be an additive abelian semigroup and let $V=\oplus_{\alpha\in\Gamma}V_{\alpha}$ be a F-graded
vector space such that $\dim V_{\alpha}<\infty$ for all $\alpha\in$ F. Let $G$ be a group, and suppose $G$
acts on $V$ in such a way that $G$ preserves the $\Gamma$-gradation on $V$ . That is, $g\cdot V_{\alpha}\subset V_{\alpha}$
for all $g\in G,$ $\alpha\in$ F. Then, for each a $\in\Gamma$ , every element $g\in G$ defines an invertible
linear map $\varphi_{g}$ : $V_{\alpha}arrow V_{\alpha}$ given by $\varphi_{g}(v)=g\cdot v$ for all $g\in G,$ $v\in V_{\alpha}$ . Let us denote
by $Tr(g|V_{\alpha})$ the trace of $\varphi_{g}$ on $V_{\alpha}$ . We define the generalized character $\mathrm{c}\mathrm{h}_{g}(V)$ of




where $e^{\alpha}$ are the basis elements of the semigroup algebra $\mathrm{C}[\Gamma]$ with the multiplica-
tion $e^{\alpha}e^{\beta}=e^{\alpha+\beta}$ for $\alpha,$ $\beta\in$ F. In particular, when $g=1$ , the identity element of




In this paper, we assume that every element $\alpha\in\Gamma$ can be written as a sum
of elements in $\Gamma$ only in finitely many ways. For example, the semigroup $\mathrm{Z}_{>0}$ of
positive integers satisfies our condition, whereas the monoid $\mathrm{z}_{\geq 0}$ of nonnegative
integers doesn’t.




and suppose that a group $G$ acts on $L$ by automorphisms preserving the $\Gamma$-gradation
of $L$ . We would like to derive a closed form formula for $Tr(g|L\alpha)$ for all $g\in G,$ $\alpha\in$ F.
Recall that the homology modules $H_{k}(L)=H_{k}(L, \mathrm{C})$ are determined from the
following complex
. . . $arrow\Lambda^{k}(L)arrow\Lambda^{k-}1(Ld_{k})arrow\cdots$
(1.4)
$arrow\Lambda^{1}(L)arrow\Lambda^{0}(L)d_{1}arrow \mathrm{C}d_{\mathrm{O}}arrow 0$ ,
where the differentials $d_{k}$ : $\Lambda^{k}(L)arrow\Lambda^{k-1}(L)$ are defined by
(1.5) $d_{k}$ ( $x_{1}\wedge\cdots$ A $x_{k}$ ) $= \sum_{s<t}(-1)^{s+t}[X_{S}, xt]$ A $x_{1}\wedge\cdots$ A $x_{S}^{\wedge}\wedge\cdots$ A $x_{t}\wedge\wedge\cdots$ A $x_{k}$
for $k\geq 2,$ $x_{i}\in L$ , and $d_{1}=d_{0}=0$ .
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Each of the terms $\Lambda^{k}(L)$ has the $\Gamma$-gradation induced by that of $L$ : for $\alpha\in\Gamma$ ,
we define $\Lambda^{k}(L)_{\alpha}$ to be the subspace of $\Lambda^{k}(L)$ spanned by the vectors of the form
$x_{1}\wedge\cdots$ A $x_{k}(x_{i}\in L)$ such that $\deg(X_{1})+\cdot*\cdot+\deg(x_{k})=\alpha$ . We define the action
of $G$ on $\Lambda^{k}(L)$ by
(1.6) $g\cdot(x_{1}\wedge\cdots\wedge x_{k})=(g\prime x_{1})\wedge\cdots$ A $(g\cdot x_{k})$
for all $g\in G,$ $x_{i}\in L$ . Since the action of $G$ on $L$ preserves the $\Gamma$-gradation of
$L$ , the action of $G$ on $\Lambda^{k}(L)$ also preserves the $\Gamma$-gradation of $\Lambda^{k}(L)$ . Similarly,
the homology modules $H_{k}(L)$ inherits the $\Gamma$-gradation from $\Lambda^{k}(L)$ , and since $G$
commutes with the $d_{k}$ the group $G$ acts on $H_{k}(L)$ preserving the F-gradation.






for $g\in G,$ $\alpha\in\Gamma$ .
By the $\mathrm{E}\mathrm{u}\mathrm{l}\mathrm{e}\mathrm{r}-\mathrm{P}_{\mathrm{o}\mathrm{i}}\mathrm{n}\mathrm{c}\mathrm{a}\mathrm{r}\acute{\mathrm{e}}$ principle, we have
(1.9) $\sum_{k=0}^{\infty}(-1)k_{\mathrm{c}\mathrm{h}g}\Lambda^{k}(L)=\sum_{k=0}^{\infty}(-1)^{k}\mathrm{C}\mathrm{h}_{g}Hk(L)$.
Recall that the alternating direct sum of the vector spaces $\sum_{k=}^{\infty}\mathrm{o}(-1)^{k}\Lambda^{k}(L)$ is
naturally isomorphic to $\exp(-\sum_{k=1}^{\infty}\frac{1}{k}\Psi^{k}(L))$ , where $\Psi^{k}$ is the k-th Adams oper-
ation $([\mathrm{A}])$ . For $g\in G$ and $\alpha\in\Gamma$ , the Adams operation $\Psi^{k}$ on $L$ is defined by
$Tr(g|\Psi k(L_{\alpha}))=Tr(g^{k}|L\alpha)$ and $\Psi^{k}(e^{\alpha})=e^{k\alpha}$ . It follows that
$\sum_{k=0}^{\infty}(-1)^{k}\mathrm{c}\mathrm{h}_{g}\Lambda k(L)=\exp(-\sum_{k=1}^{\infty}\frac{1}{k}\mathrm{C}\mathrm{h}_{g}\Psi^{k}(L))$
(1.10) $= \exp(-\sum_{k=1}^{\infty}\frac{1}{k}\sum\tau r(g|\Psi^{k}(L\alpha))e\mathrm{I}\alpha\in \mathrm{r}k\alpha$
$= \exp(-\sum_{\alpha\in\Gamma k}\sum_{=1}^{\infty}\frac{1}{k\prime}\tau r(g^{k}|L)\alpha\alpha \mathrm{I}e^{k}$ .
Let
(1.11) $H= \sum_{k=1}^{\infty}(-1)k+1H_{k}(L)$ ,
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an alternating direct sum of $G$-modules. For $g\in G$ and $\alpha\in\Gamma$ , we define
(1.12) $Tr( \mathit{9}|H_{\alpha})=\sum(-1)^{k+1}\tau r(g|H_{k(}L\infty)\alpha)$ ,
$k=1$
and
(1.13) $\mathrm{c}\mathrm{h}_{g}(H)=\sum_{\alpha\in\Gamma}Tr(g|H)\alpha e\alpha=\sum_{k=1}^{\infty}(-1)k+1\mathrm{h}Hk(L\mathrm{C})g$ .
Combining (1.10) and (1.13), (1.9) can be written as
(1.14) $\exp(-\sum_{\alpha\in \mathrm{r}k}\sum^{\infty}\frac{1}{k}\tau r=1(g|kL)\alpha e)k\alpha=1-\mathrm{c}\mathrm{h}_{g}(H)$.
Let $P_{g}(H)=$ {a $\in\Gamma|Tr(g|H\alpha)\neq 0$ } and $\{\tau_{i}|i\geq 1\}$ be an enumeration of
$P_{g}(H)$ . For $g\in G,$ $\tau\in\Gamma$ , let
(1.15) $T_{\mathit{9}}(\tau)=\{(n)=(n_{i})_{i\geq 1}|n_{i}\in \mathrm{z}_{\geq 0,\sum n_{i}\tau}i=\tau\}$ .
Thus the set $T_{g}(\tau)$ is the set of all partitions of $\tau$ into a sum of $\tau_{i}’ \mathrm{s}.,\mathrm{W}\mathrm{e}$ define a
function
(1.16) $B_{g}( \tau)=(n)\in T_{\mathit{9}}\sum_{(\tau)}\frac{(\sum n_{i}-1)!}{\Pi(n_{i}!)}\prod Tr(g|H\tau_{i})^{n:}$ .
We now obtain the following closed form formula for $Tr(g|L\alpha)(g\in G, \alpha\in\Gamma)$ ,
which is a generalization of the closed form formula for $\dim L_{\alpha}$ obtained in [Ka3].




where $\mu$ is the $cl$assic$\mathrm{a}l$ M\"obius function.
Proof. By (1.14), we have
$\exp(\sum_{\alpha\in\Gamma}\sum_{k=1}^{\infty}\frac{1}{k}Tr(g|L_{\alpha}k)ek\alpha)=\frac{1}{1-\mathrm{c}\mathrm{h}_{g}(H)}=\frac{1}{1-\sum_{i=}^{\infty}1Tr(g|H)\mathcal{T}ie^{\mathcal{T}}:}$ .
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$\sum$ $\frac{(\sum n_{i})!}{\Pi n_{i}!}\prod Tr(g|H_{\tau})^{n}ie:\Sigma n:\mathcal{T}$:
$m=1$ $(n)=(n.\cdot)$
$\Sigma n.\cdot=m$
$= \sum_{r}(_{(n)(_{\mathcal{T}})}\sum_{\in\tau_{Q}}\frac{(\sum n_{i}-1)!}{\Pi n_{i}!}\prod\tau r(g|H_{r}.\cdot)ni)e^{\tau}$
$= \sum_{\tau}B_{g}(\tau)e^{\mathcal{T}}$ .




Therefore, by M\"obius inversion, we obtain
$Tr(g|L \alpha)=\sum_{\alpha=d_{\mathcal{T}}}\frac{1}{d}d>0\mu(d)B_{g}d(_{\mathcal{T})}.$
$\square$
Example. For $i\geq 1$ , let $V_{i}$ be a complex vector space of dimension $d_{i}$ , and let
$V=\oplus_{i>1}V_{i}$ . Consider the free Lie algebra $L$ generated by $V$ . For each $i\geq 1$ , we
let $\alpha_{i}=\overline{(}0,$ $\cdots,$ $0,1,0,$ $\cdots$ ), where 1 appears in the i-th place, and define an abelian
semigroup $\Gamma=(\oplus_{i\geq 1}\mathrm{z}_{\geq 0}\alpha_{i})\backslash \{0\}$ . Then the free Lie algebra $L$ is a $\Gamma$-graded Lie
algebra $L=\oplus_{\alpha\in\Gamma}L_{\alpha}$ by defining $\deg v=\alpha_{i}$ for $v\in V_{i}$ .
Let $G= \prod_{i\geq 1}GL(d_{i})=GL(d_{1})\cross GL(d_{2})\cross\cdots$ , where $GL(d_{i})=GL(V_{i})$ . Then
$G$ acts on $L$ by automorphisms preserving the $\Gamma$-gradation. Thus we can apply our
trace formula (1.17) to this setting.




$H_{k}(L)=0$ for all $k\geq 2$ .
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Therefore, for $g=(g_{i})_{i\geq 1}\in G$ with $g_{i}\in GL(d_{i})$ , we have $H=H_{1}(L)=V$ ,
$P_{g}(H)=\{\alpha_{i}|i\geq 1\}$ , and $H_{\alpha:}=V_{i}$ , which implies
(1.19) $Tr(g|H_{\alpha_{\mathrm{t}}})=Tr(g_{i}|V_{i})=^{\mathrm{f}}\mathrm{d}\mathrm{e}t_{i}(g_{i})$ .
Note that, for $\tau=\sum_{i\geq 1}S_{i}\alpha_{i}\in\Gamma$ , we have
(1.20) $T_{g}(\tau)=\{(S_{1}, s_{2}, S_{3}, \cdots)\}$ ,
since $\tau=s_{1}\alpha_{1}+s_{2}\alpha_{2}+\cdots$ is the only partition of $\tau$ into a sum of $\alpha_{i}’ \mathrm{s}$ . It follows
that
(1.21) $B_{g}( \tau)=\frac{(\sum s_{i}-1)!}{\Pi s_{i}!}\prod t_{i}(g_{i})s_{i}$ ,
and, for $\alpha=\sum_{i\geq 1}k_{i}\alpha_{i}$ , our trace formula (1.17) yields
(1.22)
$Tr(g|L \alpha)=\sum_{1d|k:\mathrm{f}_{\mathrm{o}\mathrm{r}}\mathrm{a}1i}\frac{1}{d}\mu d>0(d)\frac{(\sum k_{i}/d-1)!}{\Pi(k_{i/d)!}}\prod t_{i}(g_{i}^{dk:/})d$
. $\square$
\S 2. GENERALIZED KAC-MOODV ALGEBRAS
The generalized Kac-Moody algebras were introduced by Borcherds in his study
of vertex algebras and Monstrous Moonshine $([\mathrm{B}1]-[\mathrm{B}5], [\mathrm{K}])$ . In this section, we re-
call the basic theory of generalized Kac-Moody algebras and discuss the application
of our trace formula (1.17) to generalized Kac-Moody algebras.
Let $I$ be a countable (possibly infinite) index set. A real matrix $A=(a_{ij})_{i,j\in I}$
is called a Borcherds-Cartan matrix if it satisfies: (i) $a_{ii}=2$ or $a_{ii}\leq 0$ for all
$i\in I,$ $(\mathrm{i}\mathrm{i})a_{ij}\leq 0$ if $i\neq j$ , and $a_{ij}\in \mathrm{Z}$ if $a_{ii}=2,$ $(\mathrm{i}\mathrm{i}\mathrm{i})a_{ij}=0$ implies $a_{ji}=0$ .
Let $I^{re}=\{i\in I|a_{ii}=2\},$ $I^{im}=\{i\in I|a_{ii}\leq 0\}$ , and let $\underline{m}=(m_{i}|i\in I)$ be
a collection of positive integers such that $m_{i}=1$ for all $i\in I^{re}$ . We call $\underline{m}$ the
charge of the matrix $A$ . A Borcherds-Cartan matrix $A$ is said to be symmetrizable
if there is a diagonal matrix $D=diag(s_{i}|i\in I)$ with $s_{i}>0(i\in I)$ such that $DA$
is symmetric. In this paper, we assume that $A$ is symmetrizable.
Definition 2.1. The generalized $Kac$-Moody algebra $\mathrm{g}=\mathrm{g}(A,\underline{m})$ with a sym-
metrizable Borcherds-Cartan matrix $A$ of chalge $\underline{m}=(m_{i}|i\in I)$ is the Lie algebra
over $\mathrm{C}$ generated by the elements $h_{i},$ $d_{i}(i\in I),$ $e_{ik},$ $f_{i}k(i\in I, k=1, \cdots, m_{i})$ with
the defin$in\mathrm{g}$ relations:
$[h_{i}, h_{j}]=[h_{i}, d_{j}]=[d_{i}, d_{j}]=0$ ,
$[h_{i}, e_{jl}]=a_{ij}e_{jl}$ , $[h_{i}, f_{jl}]=-a_{ij}f_{j}l$ ,
$[d_{i}, e_{j}\iota]=\delta_{ijj}e\iota$ , $[d_{i}, f_{j}l]=-\delta ijfjl$ ,
(2.1)
$[e_{ik},$ $f_{j\iota]}=\delta ij\delta_{kl}h_{i}$ ,
$(ade_{ik})1-a:j(e_{j}\iota)=(adfik)^{1-}a_{ij}(f_{jl})=0$ if $a_{ii}=2$ and $i\neq j$ ,
$[e_{ik}, e_{j\iota}]=[fik, fjl]=0$ if $a_{ij}=0$
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for $i,j\in I,$ $k=1,$ $\cdots,$ $m_{i},$ $l=1,$ $\cdots,$ $m_{j}$ .
The abelian subalgebra $|$) $=(\oplus_{i\in I}\mathrm{C}hi)\oplus(\oplus_{i\in I}\mathrm{C}di)$ is called the Cartan
subalgebra of $\mathrm{g}$ . For each $j\in I$ , we define a linear functional $\alpha_{j}\in \mathfrak{h}^{*}$ by
$\alpha_{j}(h_{i})=a_{ij}$ , $\alpha_{j}(d_{i})=\delta_{ij}$ for $i,j\in I$ .
Let $\Pi=\{\alpha_{i}|i\in I\}\subset \mathfrak{h}^{*}$ and $\Pi^{\vee}=\{h_{i}|i\in I\}\subset|)$ . The elements of $\Pi$ (resp. $\Pi^{\vee}$ )
are called the simple roots (resp. simple coroots) of $\mathrm{g}$ .
Let $Q=\oplus_{i\in I}\mathrm{Z}\alpha_{i}$ be the free abelian group generated by $\alpha_{i}’ \mathrm{s}(i\in I)$ . We
call $Q$ the root lattice of $\mathrm{g}$ . Set $Q_{+}= \sum_{i\in I\geq 0}\mathrm{Z}\alpha_{i}$ , and $Q_{-}=-Q_{+}$ . We define
a partial ordering $\leq$ on $\mathfrak{h}^{*}$ by A $\leq\mu$ if and only if $\lambda-\mu\in Q_{-}$ . The generalized
Kac-Moody algebra $\mathrm{g}=\mathrm{g}(A,\underline{m})$ has the root space decomposition $\mathrm{g}=\oplus_{\alpha\in Q}\mathrm{g}_{\alpha}$ ,
where $\mathrm{g}_{\alpha}=$ { $x\in \mathrm{g}|[h,$ $x]=\alpha(h)x$ for all $h\in$ }$)\}$ is the $\alpha$ -root space. Note that
$\mathrm{g}_{\alpha}.\cdot=\mathrm{C}e_{i,1}\oplus\cdots\oplus \mathrm{C}e_{i,m}.\cdot$ , and $9-\alpha_{i}=\mathrm{C}.f_{i,1}\oplus\cdots\oplus \mathrm{C}f_{i,m_{i}}$ . We say that $\alpha\in Q$
is a root if $\alpha\neq 0$ and $S\alpha\neq 0$ . The number multa: $=\mathrm{d}\mathrm{i}\mathrm{m}\mathrm{g}_{\alpha}$ is called the multiplicity
of the root $\alpha$ . A root $\alpha>0$ (resp. $\alpha<0$ ) is called positive (resp. negative). We
denote by $\triangle,$ $\triangle^{+}$ , and $\triangle^{-}$ the set of all roots, positive roots, and negative roots,
respectively. Define the subspaces $\mathrm{g}^{\pm}=\oplus_{0\in\triangle^{\pm 9\alpha}}$ . Then we have the triangular
decomposition: $\mathrm{g}=\mathrm{g}^{-}\oplus \mathfrak{h}\oplus \mathrm{g}^{+}$ .
Since $A$ is symmetrizable, there is a symmetric bilinear form $(|)$ on $\mathfrak{h}^{*}\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}_{\mathrm{S}}\mathrm{f}\mathrm{y}\mathrm{i}\mathrm{n}\mathrm{g}$
$(\alpha_{i}|\alpha_{j})=s_{i}a_{ij}$ for $i,j\in I$ . We say that a root $\alpha$ is real if $(\alpha|\alpha)>0$ , and imaginary
if $(\alpha|\alpha)\leq 0$ . In particular, the simple root $\alpha_{i}$ is real if $a_{ii}=2$ , and imaginary if
$a_{ii}\leq 0$ . Note that the imaginary simple roots may have multiplicity $>1$ . For each
$i\in I^{r\mathrm{e}}$ , let $r_{i}\in \mathrm{G}\mathrm{L}(\})^{*})$ be the simple reflection on $\mathrm{f}_{)^{*}}$ defined by $r_{i}(\lambda)=\lambda-\lambda(h_{i})\alpha_{i}$
for $\lambda\in \mathfrak{h}^{*}$ . The subgroup $W$ of $\mathrm{G}\mathrm{L}(\mathfrak{l})^{*})$ generated by the $r_{i}’ \mathrm{s}(i\in I^{re})$ is called the
Weyl group of $\mathrm{g}$ .
Let $G$ be a group and suppose $G$ acts on the generalized Kac-Moody algebra
$\mathrm{g}=\mathrm{g}(A,\underline{m})$ by automorphisms preserving the root space decomposition. We will
apply our trace formula (1.17) to derive a closed form formula for $Tr(g|\mathrm{g}_{\alpha})(g\in$
$G,$ $\alpha\in Q)$ .
Let $S$ be a finite subset of $I^{re}$ , let $\triangle s=\triangle\cap(\sum_{i\in S}\mathrm{Z}\alpha_{i}),$ $\triangle_{S}^{\pm}=\triangle s\cap\triangle^{\pm}$ ,
$\triangle^{\pm}(S)=\triangle^{\pm}\backslash \triangle_{S}^{\pm}$ , and let $W(S)=\{w\in W|w\triangle^{-}\cap\triangle^{+}\subset\triangle^{+}(S)\}$ . We also let
$\mathrm{g}_{0}^{()}S=\mathfrak{h}\oplus(\sum_{\alpha\in\triangle s^{\mathrm{g}\alpha}})$ , and $\mathrm{g}_{\pm}^{(S)}=\sum_{\alpha\in\triangle^{\pm}(s)}\mathrm{g}\alpha$ . Then $\mathrm{g}_{0}^{()}S$ is the Kac-Moody
algebra with Cartan matrix $A_{S}=(a_{ij})_{i,j\in}S$ (with an extended Cartan subalgebra
$\mathfrak{h})$ , and $\mathrm{g}_{-}^{(S)}$ (resp. $\mathrm{g}_{+}^{(S)}$ ) is a direct sum of irreducible highest (resp. lowest) weight
modules over $\mathrm{g}_{0}^{()}S$ . We denote by $P_{S}^{+}=$ {A $\in \mathfrak{l}_{)^{*}}|\lambda(h_{i})\in \mathrm{z}_{\geq 0}$ for all $i\in S$} the
set of dominant integral weights for $\mathrm{g}_{0}^{()}S$ and $V_{S}(/\backslash )$ the irreducible highest weight
$\mathrm{g}_{0}^{()}S$ -module with highest weight A $\in P_{S}^{+}$ . To apply our formula (1.17) to the
Lie algebra $L=\mathrm{g}_{-}^{(S)}$ , we would like to compute the generalized characters of the
homology modules $H_{k}(9_{-}^{()})s$ . The $\mathrm{g}_{0}^{()}S$ -module structure of $H_{k}(\mathrm{g}^{(}-)s)$ is determined
by the following formula known as Kostant’s formula.
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Proposition 2.2 $([\mathrm{N}])$ . Let $p\in \mathfrak{h}^{*}$ be a linear functional satisfying $\rho(h_{i})=\frac{1}{2}a_{ii}$
for all $i\in I$ , and let $T$ be the set of all $im$aginar.y simple roots counted with






where $F$ runs over all the finite $su$ bsets of $T$ such that any two elements of $F$ are
mutually perpendicular. We denote by $|F|$ the number of elements in $F$ and $s(F)$
the sum of the elements in F. $\square$







and for all $g\in G$ and $\alpha\in Q_{-}$ , we have
(2.4) $Tr(g|H_{\alpha})=$
$\sum_{w\in W(g)}(-1)^{\iota}(w)+|F|+1\tau r(g|VS(w(\rho-S(F))-\rho)_{\alpha})$ .
. $F\subset T$
$l(w)+|F|\geq 1$
As in Section 1, let $P_{g}^{(S)}(H)=\{\alpha\in Q_{-}|Tr(g|H_{\alpha})\neq 0\}$ and $\{\tau_{i}|i\geq 1\}$ be an
enumeration of $P_{g}^{(S)}(H)$ compatible with the partial ordering $\leq \mathrm{o}\mathrm{f}Q_{-}$ . For $\tau\in Q_{-}$
and $g\in G,$ dePne the set $\tau_{g}^{(S)}(\tau)$ and the funciton $B_{g}^{(S)}(\tau)$ by (1.15) and (1.16).
Then, by our trace formula (1.17), we obtain
Proposition 2.3. For $g\in G$ and $\alpha\in\triangle^{-}(S)$ , we have
(2.5) $Tr(g|9 \alpha)=d\sum\frac{1}{d}\mu(d)B_{g}^{(S}>0d)(\alpha/d)$ .
$d|\alpha$
In particular, when $g=1$ , we recover the closed form root multiplicity formula for
symmetriza$ble$ generalized $Kac$-Moody algebras $obt$ained in [Ka2]. $\square$
\S 3. THE THOMPSON SERIES
In this section, we apply our trace formula (2.5) to the Monster Lie algebra
$M=\oplus_{()}mn)\in II_{1,1}Mn(m,)$ to derive some interesting relations among the coefficients
$\text{ _{}g}(n)$ of the Thompson series
(3.1)
$T_{g}(q)= \sum_{1n\geq-}Tr(g|Vn)q^{n}=\sum_{\geq n-1}\text{ }(gn)qn$ .
The main properties of the Monster Lie algebra $\mathbb{J}I$ are summarized in the following
proposition.
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Proposition 3.1 $([\mathrm{B}5])$ . $\mathit{1}$ ) The Monster Lie algebra $M$ is a $II_{1,1}$ -graded gen-
eralized $Kac$-Moody algebra with the $re\mathrm{a}l$ simple root $(1, -1)$ and the imaginary
simple roots $(1, i)$ $(i\geq 1)$ with multiplicity $c(i)$ . Therefore, $M$ is a generalized
$Kac$-Moody algebra with Borcherds-Cartan matrix $A=(-(i+j))_{i,j\in I}$ of charge
$\underline{m}=(C(i)|i\in I)$ , where $I=\{-1\}\cup\{i|i\geq 1\}$ is the in$dex$ set for the simple roots
of $M$ .
2) $M$ is a $II_{1,1}$ -graded representation of the $\lambda/Io\mathrm{n}Ste\mathrm{r}$ simple group $G$ acting by
automorphism$s$ of $M$ such that $M_{(m,n)}\cong V_{mn}$ for $(m, n)\neq(\mathrm{O}, 0)$ as $G$-modules. $In$
particular,
$Tr(g|M(m,n))=Tr(g|Vmn)$ for $g\in G,$ $(m, n)\neq(\mathrm{O}, 0)$ . $\square$
Recall that $I=\{-1\}\cup\{i|i\geq 1\}$ is the index set for the simple roots of the
Monster Lie algebra $M$ , and $M$ is a generalized Kac-Moody algebra with Borcherds-
Cartan matrix $A=(-(i+j))_{i,j\in I}$ of charge $\underline{m}=(C(i)|i\in I)$ . We denote by
$e_{-1,1}=e_{-1},$ $e_{ik}$ and $f_{-1,1}=f_{-1},$ $f_{ik}(i\in I, k=1,2, \cdots, c(i))$ the positive and





$M_{(-1,-i})=\mathrm{C}f_{i,1}\oplus\cdots\oplus \mathrm{C}f_{i,(i}C)(i\geq 1)$ .
Consider a basis of $M_{(-1,-i}$ ) consisting of the eigenvectors $v_{i,k}$ of $g\in G$ with
eigenvalues $\lambda_{i,k}$ $(k=1,2, \cdots , c(i))$ . Since $M_{(1,i)}\cong M_{(-1,-i}$) $\cong V_{i}(i\geq 1)$ as
representations of the Monster simple group $C_{7}$ , we have
(3.3) $\sum_{k=1}^{c(i})\lambda_{i},k=Tr(g|M-1,i))(-=Tr(g|V_{i})=c_{g}(i)$ for $g\in G,$ $i\geq 1$ .
Moreover, since $M_{(1,-1)}\cong M_{(-1,1}$ ) $\cong V_{-1}$ , the trivial $G$-module, we have
(3.4) $g\cdot e_{-1}=e_{-1}$ , $g\cdot f_{-1}=f_{-1}$ for all $g\in G$ .
To apply our trace formula (2.5), we take $S=\{-1\}$ . Then $M_{0}^{(S)}\cong sl(2, \mathrm{c})+\mathrm{C}^{2}$
and $W(S)=\{1\}$ . Hence by Kostant’s formula we obtain
(3.5)
$H_{1}(M_{-}^{(S})) \sum_{1}=C(i)VS(-1i\geq’-i)$ ,
$H_{k}(M_{-}^{(})S)=0$ for $k\geq 2$ ,
where $V_{S}(-1, -i)$ is an $i$-dimensional irreducible representation of the Lie alge-
bra $sl(2, \mathrm{c})$ generated by $e_{-1},$ $f_{-1},$ $h_{-1}$ . Since the weights of $V_{S}(-1, -i)$ are
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$(-1, -i),$ $(-2, -i+1),$ $\cdots,$ $(-i, -1)$ , the space $H=H_{1}(M_{-}^{()})s$ has the decomposi-
tion
(3.6) $H= \bigoplus_{i,j>0}H(-i,-j)$ .
Note that each $f_{ik}$ generates an $i$-dimensional irreducible represntation of the Lie
algebra $sl(2, \mathrm{c})$ generated by $e_{-1},$ $f_{-1},$ $h_{-1}$ , and hence so does each $v_{i,k}(i\geq 1,$ $k=$







It follows from (3.4) that
$g$ . $($ ad$f_{-1})^{i}-1(v_{ij1}+-,k)=(\mathrm{a}\mathrm{d}(g\cdot f-1))i-1(g\cdot v_{i}+j-1,k)$
$=\lambda_{i+j-1,k}($ad$f_{-1})^{i1}-(vi+j-1,k)$
for all $g\in G,$ $i,j\in \mathrm{Z}_{>0}$ . Hence, by (3.3), we obtain
(3.8) $Tr(g|H(-i,-j))= \sum^{)}\lambda_{i}c(i+k=1j-1+j-1,k=\text{ _{}g}(i+j-1)$
for all $g\in G,$ $i,j\in \mathrm{Z}_{>0}$ . Therefore, for $g\in G$ and $k,$ $l>0$ , we have
(3.9) $P_{g}^{(s)}(H)=\{(-i, -j)|i,j\in \mathrm{Z}_{>}\mathrm{o}\}$ ,
(3.10)
$\tau_{g}^{()}S(k, \iota)=\{\underline{b}=(b_{ij})_{i,j\geq 1}|b_{ij}\in \mathrm{z}_{\geq 0}, \sum_{i,j\geq 1}b_{i}j(i,j)=(k, l)\}$
,
the set of all partitions of $(k, l)$ into a sum of ordered pairs of positive integers, and
(3.11) $B_{g}^{(s)}(k, \iota)=\underline{b}\in\tau\sum_{)g(k,\iota}\frac{(\sum b_{ij}-1)!}{\square b_{ij}!}\prod c(gi+j-1)^{b_{j}}\cdot$ .





Since $Tr(g|M_{(}))m,nr=\tau(g|V_{mn})=\text{ _{}g}(mn)$ , we obtain the following interesting re-
lations among the coefficients $c_{g}(n)$ of the Thompson series $T_{g}(q)= \sum_{n\geq g}-1^{C(n)q^{n}}$ .
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$\sum_{T,\underline{b}\in \mathit{9}(m/d,n/d)}\frac{(\sum b_{ij}-1)!}{\Pi b_{ij}!}\square cg^{d}(i+j-1)^{b_{j}}\cdot$. $\square$
$d|(m,n)$
Remark. When $g=1$ , we recover the relations for the coefficients $\text{ }(n)$ of the elliptic
modular function $j(q)-744$ obtained in [Ju2] and [Ka2]. Recently, we were informed
that the relations (3.13) were obtained independently by Jurisich, Lepowsky, and
Wilson $([\mathrm{J}\mathrm{L}\mathrm{W}])$ . It is pointed out in [JLW] that these relations completely determine
the coefficients $c_{g}(n)$ if the values of $c_{h}(1),$ $\text{ }h(2),$ $c_{h}(3)$ , and $\text{ _{}h}(5)$ are known for all
$h\in G$ . Hence, in this sense, our relations (3.13) are as good as Borcherds’ relations
(9.1) in [B5]. In particular, by taking $(m, n)=(2,2k)$ and $(m, n)=(2,2k+1)$ , we
recover the relations for $c_{g}(n)$ ( $n$ even) in [B5]:
$\text{ _{}g}(4k)=c_{g}(2k+1)+k-\sum_{j=1}^{1}\text{ }(j)C(2gg-kj)+\frac{1}{2}(\text{ _{}g}(k)^{2}-c_{g^{2}}(k))$ ,
(3.14)
$c_{g}(4k+2)= \text{ _{}g}(2k+2)+\sum_{j=1}^{k}C_{g}(j)_{C_{g}(}2k+1-j)$ .
Moreover, by taking other factorizations of $n$ ( $n$ even), we obtain more relations
for $c_{g}(n)$ other than Borcherds’ relations.
For $n$ odd, we get different relations than Borcherds’. For example, for $n=9=$
$3^{2}$ , our relation (3.13) implies
$c_{g}(9)=c_{g}(5)+cg(2)^{2}+c(g1) \text{ }(g)3+\frac{1}{3}(_{C_{g}}(1)^{3}-c_{g}3(1))$ ,
whereas Borcherds’ relation yields
$c_{g}(9)=c_{g}(7)+ \frac{1}{2}(_{\text{ }()^{2}(}g4+Cg^{2}4))+\frac{1}{2}(c_{g}(3)^{2}-\text{ _{}g}2(3))+cg(1)\text{ }\mathit{9}(5)$
$+c_{g^{2}}(1)\text{ _{}g}(4)-c(g1)c_{g}(7)+c(g)_{C}2(g6)-C_{g}(3)c(g5)$ .
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